We consider the problem of deducing the duality relation from the extended double shuffle relation for multiple zeta values. Especially we prove that the duality relation for double zeta values and that for the sum of multiple zeta values whose first components are 2's are deduced from the derivation relation, which is known as a subclass of the extended double shuffle relation.
Introduction
The multiple zeta values (MZVs for short) are defined for positive integers k 1 , k 2 , . . . , k n with k 1 ≥ 2 by the convergent series ζ(k 1 , k 2 , . . . , k n ) = We call k = k 1 +k 2 +· · ·+k n weight, n depth, and #{i|k i > 1 (1 ≤ i ≤ n)} height. It is important to state many identities among MZVs explicitly to clarify the algebraic structures among them. It is conjectured that the extended double shuffle relations [4] give all linear relations among MZVs. In [4] , K. Ihara, M. Kaneko and D. Zagier showed that the sum formula( [1, 9] ), Hoffman's relation( [2] ), and the derivation relation( [4] ) for MZVs are subject to the extended double shuffle relation. Also, they showed the extended double shuffle relation together with the duality relation implies Ohno's relation( [6] ). However, it is still not known whether the duality relation itself is implied by the extended double shuffle relation or not.
In [5] , J. Kajikawa showed the duality relation for the sum of MZVs with fixed weight, depth, and height is deduced from the derivation relation (and hence from the extended double shuffle relation). In this paper, we observe another lineage, that is the duality for the sum with fixed weight, depth, and k 1 . In particular we here show that the duality relations of the following two cases are also implied by the derivation relation:
• the case for the double zeta values,
• the case for the sum of MZVs with fixed weight, depth, and k 1 = 2.
2 Algebraic setup and main theorem
Algebraic setup
To state our main theorem, we use the algebraic setup introduced by Hoffman [3] , which encodes the MZVs as monomials in the noncommutative polynomial ring h = Q x, y . (Also see [4, 8] for example.) We denote by {x, y} * the set of words over the alphabet {x, y}. Let h 0 = Q + xhy, a subring of h. Define the Q-linear map
The weight k and the depth n of ζ(k 1 , k 2 , . . . , k n ) correspond to the total degree and the degree in y of the monomial
To obtain a linear relation for MZVs is nothing but to obtain an element in the kernel of Z.
• (Duality relation). Let τ be the anti-automorphism on h defined by
The map τ preserves h 0 . The duality relation is stated as
• (Derivation relation). For a positive integer n, we define the Q-linear map
We find in [4] that Im∂ n ⊂ h 0 and deg(∂ n (w)) = deg w + n for w ∈ {x, y} * . We also find that ∂ n and ∂ m commute for any n, m ≥ 1. The derivation relation is then stated as ∂ n (w) ∈ ker Z for any positive integer n and any w ∈ h 0 .
Let Θ be the map onĥ = Q x, y , the completion of h, defined by
This Θ is an element in the graded ring
, where the degree of the map ∂ n is given as n. Let θ l be the degree l homogeneous part of the map Θ. For example, we have
We extend θ l naturally to the map onĥ.
Main theorem
Our main theorem is then stated as follows.
Theorem. The following two identities hold inĥ 0 , the completion of h 0 .
(i) For any positive integer m, we have
(ii) For any positive integer n, we have
Here, the empty sum is regarded as 0.
These formulas are more explicit than the following corollary as asserted in §1.
Corollary. (i) For any positive integer s and non-negative integer t, we have
(ii) For any positive integers s, t with s > t ≥ 1, we have
Here deg y (w) denotes the degree of w in y.
Corollary (i) shows that the duality relation for each double zeta value can be viewed as a sort of the derivation relation. Corollary (ii) shows that the duality relation for the sum of MZVs with fixed weight, depth, and k 1 = 2 can be viewed as a sort of the derivation relation. We remark that, for example, the dualities for ζ(3, 2) and ζ(2, 3) (i.e. ζ(3, 2) = ζ(2, 2, 1) and ζ(2, 3) = ζ(2, 1, 2)) are regarded as derivation relations because of our theorem (ii), though we cannot conclude them by Kajikawa's result [5] .
Each row, except for the first one which gives division in weights, of the following table shows the numbers of linearly independent relations for the class explained shortly (and assigned numbering from 1. to 7.) in the leftmost box. For example, no.1 gives the numbers of linearly independent relations of the duality for the sum of fixed weight, depth, and height, no.3 gives those of the union class of no.1 and no.2, and no.7 gives those of the intersection of no.4 and no.5. The class no.6 is known to be equivalent to Ohno relation [6] . These numbers are computed by using Risa/Asir, an open source general computer algebra system. We confirm that the space of the duality for the sum with fixed weight, depth, and k 1 (no.2) is included in the space of the derivation relation (no.5) if the weight is less than or equal to 12 due to an experiment using a computer, but in general it is still unknown. More precisely, we conjecture that
for any m, n ≥ 3. The sequence in the last line (no.7) is obtained just by the inclusion-exclusion property, that is no.4 plus no.5 minus no.6 for each column. We see that the sequence in no.3 is far smaller than the sequence in no.7. How can we explain the sequence in no.7 concretely? 
Proof of the theorem
The images of the generators of the inverse map ∆ u −1 are then given by
(Also see [4, 5, 7] .) In fact, we have ∆ u = ∞ l=0 θ l u l . Putting u = 1, we see that the map ∆ 1 (which is naturally extended to as the automorphism ofĥ, the completion of h) coincides with Θ onĥ 0 . Hence, we may extend Θ to the automorphism ofĥ via the identification with ∆ 1 .
Proof of the theorem. (i)
We calculate the generating function of both sides of identity (i). We multiply both sides by u m and add them up for m ≥ 1. Calculating generating function of LHS of (i)
On the other hand, calculating generating function of the first term of RHS of (i), we obtain
And for the second term of RHS of (i), we obtain
And for the third term of RHS of (i), we obtain
And for the fourth term of RHS of (i), we obtain
Adding the second term of (2) and the second term of (3), we obtain
This is the first term of (1). Using
one has
which means the sum of the first terms of (3), (4) and (5) turns into the second term of (1). The remaining terms in (2), (3), (4), and (5) cancel. This shows that the generating functions of the both sides are equal and therefore we conclude (i) in the theorem.
(ii) Similary we calculate the generating functions of both sides of identity (ii). We multiply both sides by u n−1 and add them up for n ≥ 1. Calculating generating function of LHS of (ii), we obtain
On the other hand, we calculate
which is equal to generating function of RHS of (ii). Calculating generating function of the first term of (7), we obtain 
And for the second term of (7), we obtain 
In this case, we can show that (6) is equal to the sum of (8) and (9) by straightforward calculation. Therefore we conclude (ii) in the theorem.
